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Abstract. We study, in L^(M";'y) with respect to the gaussian measure, non- 
tangential maximal functions and conical square functions associated with the 
Ornstein-Uhlenbeck operator by developing a set of techniques which allow 
us, to some extent, to compensate for the non-doubling character of the gauss- 
ian measure. The main result asserts that conical square functions can be 
controlled in L^-norm by non-tangential maximal functions. Along the way 
we prove a change of aperture result for the latter. This complements recent 
results on gaussian Hardy spaces due to Mauccri and Mcda. 



1. Introduction 

Gaussian harmonic analysis, understood as the study of objects associated with 
the gaussian measure 

on R". and the Ornstein-Uhlenbeck operator 

Lf{x) = -Af{x)+x-S/f{x) 

on function spaces such as 7), has recently gained new momentum following 

the development, by Mauceri and Meda [9], of an atomic Hardy space Hl^(R";j), 
on which various functions of L give rise to bounded operators. Harmonic analysis 
in LP(M";7) has been relatively well established for some time, with results such 
as the boundedness of Riesz transforms going back to the work of Meyer and Pisier 
in the 1980's. The p = 1 case, however, has always proven to be difficult. Over 
the last 30 years, some weak type (1, 1) estimates have been obtained, while oth- 
ers have been disproved (see the survey [13]). The proofs of these results rely on 
subtle decompositions and estimates of kernels. Until the seminal Mauceri-Meda 
paper appeared in 2007, a large part of euclidean harmonic analysis, such as end 
point estimates using Hardy and BMO spaces, seemed to have no gaussian counter- 
part. Gaussian harmonic analysis in L^(R";7) is relatively straightforward given 
the fact that the Ornstein-Uhlenbeck operator is diagonal with respect to the basis 
of Hermite polynomials. The L^'(M";7) case, with 1 < p < od, is harder but still 
manageable through kernel estimates. The end points p — 1 and p — 00, however, 
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usually require techniques such as Whitney coverings and Calderon-Zygniund de- 
compositions, for which the non-doubling nature of the gaussian measure, has, so 
far, not been overcome. Mauceri and Meda's paper [9], though, indicates a pos- 
sible strategy. The authors used the notion of admissible balls which goes back 
to the work of Muckenhoupt [11]. These are balls B{x,r) with the property that 
r < amin(l, j^) for some fixed admissibility parameter a > 0. On these admissible 
balls, the gaussian measure turns out to be doubling. The idea is then to follow 
classical arguments using admissible balls only. This is easier said than done. In- 
deed, admissible balls are very small when their centre is far away from the origin, 
whereas tools such as Whitney decompositions of open sets require the size of balls 
to be comparable to their distance to the boundary of the set, hence possibly very 
large. This may be why, although it contains many breakthrough results, Mauceri 
and Meda's paper [9] does not yet give a full theory of and BM O spaces for the 
gaussian measure. For instance, the boundedness of key operators such as maximal 
functions, conical square functions (area integrals), and above all Riesz transforms, 
is still missing. In fact, while this paper was in its final stages, Mauceri, Meda, and 
Sjogren [10] proved that Riesz transforms (more precisely some Riesz transforms, 
see their paper for the details) arc bounded on the Mauccri-Meda Hardy space only 
in dimension one. This suggests that the 'correct' 7J^(]R";7) space should be a 
modification of theirs. 

In this paper, we take another step towards a satisfying i7^(R";7) theory by 
studying, in L^(M";j), non-tangential square functions and maximal functions. 
These are gaussian analogues of the sublinear operators which, in the euclidean 
setting, are the cornerstones of the real variable theory of iJ^(R"). In the gaussian 
context, non-tangential maximal functions were first introduced in an unpublished 
work by Fabes and Forzani, who studied a gaussian counterpart of the Lusin area 
integral. Their L^-boundedness was shown subsequently by Forzani, Scotto, and 
Urbina [6] . Our definition is an averaged version of a non-tangential maximal func- 
tion from a subsequent paper of Pineda and Urbina [12]. The additional averaging 
adds some technical difficulties, but experience has shown (see e.g. [7]) that such 
averaging can be helpful in Hardy space theory and its applications (to boundary 
value problems, for instance). 

Here we prove a change of aperture formula for the maximal function in the 
spirit of one of the key estimates of Coifman, Meyer and Stein [3] . We then show 
that the non-tangential square function is controlled by the non-tangential maximal 
function. Such estimates are central in Hardy space theory (sec for instance [4, 5]). 
Thus, the purpose of this article is twofold. On the one hand, it contributes to the 
development of dyadic techniques in gaussian harmonic analysis, i.e., methods and 
results based on gaussian analogues of the decomposition of M" into dyadic cubes, 
the related covering lemmas, and the corresponding and weak type (1, 1) esti- 
mates. This makes the paper technical in nature, but we believe that the techniques 
developed here will find more applications, as gaussian harmonic analysis becomes 
more geometric and relics less on euclidean (after a change of variables) estimates 
of the Mehler kernel. On the other hand, this article gives some of the results 
required in the development of a gaussian Hardy space theory. When completed, 
such a theory will not only be satisfying from a pure harmonic analytic perspective, 
but it should also be applicable to stochastic partial differential equations (SPDE). 
Given the success of Hardy space techniques in deterministic PDF, one can think 
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that a gaussian analogue would similarly have applications to non-linear SPDE and 
stochastic boundary value problems. 

Now let us state the main result of this paper. We set 

mix) :=min|l,-j — r| 

\A 

and let 

Kil) ■■= {iy,t) e K" X (0,oo): ly- a;| < i < am{x)} 
denote the admissible cone with parameter a > based at the point x € M". We 
denote by (e~*^)t>o the Ornstein-Uhlenbeck semigroup acting on Lp{M.";^) for 
1 < p < oo (see the survey [13] and the references therein). For test functions 
u £ Cc(M") and admissibility parameter a > we consider the conical square 
function 

^•^"(^^ = ( / (n( ,,, \tye-''^uiy)\'d^iy)^y. 
and the non-tangential maximal function 

T:u{x):= sup (——— |e-*'^^.(z)po^7W)^ 

The main result of this paper reads as follows: 

Theorem 1.1. For each a > there exists an a' > such that the conical square 
function Sa is controlled by the non-tangential maximal function T*,, in the sense 
that 

with implied constant independent of u G Cc(M"). 

By using the truncated cones , we are only averaging over admissible balls in 
the definition of the operators. The idea is, of course, to exploit the doubling prop- 
erty of the gaussian measure on these balls. This makes the operators "admissible" . 
The reader should notice, however, that they are not local, in the sense that their 
kernels are not supported in a region of the form {{x, y) G M^" ; la; — j/| < .. , ? , , }. 

-L -r 1 3: 1 + 1 y I 

Moreover, they can not be written as sums of local operators. This is due to a lack of 
off-diagonal estimates, that is a crucial difference between the Ornstein-Uhlenbeck 
semigroup and the heat semigroup. 

Acknowledgement. We are grateful to the anonymous referee for valuable sug- 
gestions that lead to simplifications and generalisations of various arguments. 

2. A COVERING LEMMA 

In this section we introduce partitions of M" into "admissible" dyadic cubes and 
use them to prove a covering lemma which will be needed later on. 
We begin with a brief discussion of admissible balls. Let 

m(a;) := min |l, x e M". 

For a > we define 

:= {B{x,r): x £ M", < r < am{x)] . 
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The balls in SSa are said to be admissible at scale a. It is a fundamental observation 
of Mauceri and Meda [9] that admissible balls enjoy a doubling property: 

Lemma 2.1 (Doubling property). Let a, r > 0. There exists a constant d = da.T,n, 
depending only on a, t, and the dimension n, such that if Bi = B{ci, ri) G SSa o.nd 
B2 = B(c2,r2) have non-empty intersection and r2 < rri, then 

7(^2) < djiBi). 

In particular this lemma implies that for all a > there exists a constant d' = 
such that for all B{x, r) £ we have 

j{B{x,2r)) <d'j{B{x,r)). 

The first part of the next lemma, which is taken from [8], says, among other 
things, that if B{x, r) G 3§a and |x — y| < br, then B{y, r) S for some constant 
c = Ca.b which depends only on a and b. 

Lemma 2.2. Let a,b > be given. 

(i) If am{x) and \x ~ y\ < br, then r < Ca^bin^y), where Ca,b ■= a(l + ab). 

(ii) // jx — y| < bm{x), then m{x) < (1 + b)m(y) and m(y) < (2 + 2b)m{x). 

For fc > let be the set of dyadic cubes at scale k, i.e., 

Afc = {2^'=(x + [0,l)"):xeZ"}. 

Following [8], in the gaussian case we only use cubes whose diameter depends on 
another parameter I, which keeps track of the distance from the ball to the origin. 
More precisely, define the layers 

Lo = [-l,l)", L, = [-2',20"\[-2'-i,2'-i)" G>1), 

and define, for k,l > 0, 

Al,={QeAi+,:QCU}, A^^IJA^,, A^ = |J A^. 

i>0 A:>0 

Note that if Q G A^ with Q C Li, then its centre cq has norm 2'^^ < \cq\ < 2'y^ 
and we have 

(2.1) diam(Q) = 2-'=-'V^ < 2"''7i to(cq). 

Lemma 2.3. If a ball B{x,r) G intersects a cube Q G Aq with center cq, then 

r < 2a{a + n)m{cQ). 

Proof. We consider two cases. First, if \cq\ > 2{a + n), we notice that 
a a a 2a 

- R - |cq| - (r + nm{cQ)/2) " \cq\ - {a + n/2) " R " 

in the first inequality we used that diam((5) < nm{cQ) by (2.1), in the second we 
used that to(cq) < 1 and r < am{x) < a, the third follows from the assumption 
we made, and the final identity follows by noting that \cq\ > 2n > 1. Second, if 
\cq\ < 2{a + n), then together with 1 < 2{a + n) we obtain 1 < 2{a + n)m{cQ) and 
r < a < 2a{a + n)m{cQ). □ 

We denote by a o Q the cube with the same centre as Q and a times its side- 
length; similar notation is used for balls. Cubes in A''' enjoy the following doubling 
property: 
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Lemma 2.4. Let a > 0. There exists a constant Ca,n, depending only on a and 
the dimension n, such that for every cube Q € A'' we have 

7(aoQ) <a,„7(Q). 

Proof. Without loss of generality we may assume that a > 1 . Let Q £ AJ, ^ with 
center y and side-length 2s. Set B = B{y, s) and note that B C Q. Moreover, we 
have a o Q C ay/n o B. Since, if |y| > 1, 

2s = = 2-^-' < 2-' < ^ = V^.miy), 

Vn \y\ 

and, if |y| < 1, 

2s = 2"'="' < 1 < y/nm{y), 

it follows that B G ^^/2- Using the doubling property for admissible balls from 
Lemma 2.1 we now obtain 

7(a O Q) < 7(aV^ O B) < Ca,n7{B) < Ca,nl{Q)- 

□ 

Lemma 2.5. Let F C M" be a non-empty set, let a,b,c > be fixed, and let 

O {a; e M" : < d{x, F) < am{x)}. 
There exists a sequence {xk)k>i in O with the following properties: 

(i) OC IJ B{xk,bdixk,F)); 

k>l 

(ii) 'y{B{xk, cd{xk, F))) < 7(0) with constant depending only on a, b, c, n. 

k>l 

Proof. Let S ;= min{i, fe}. We use a Whitney covering of 

O' := {z e M" : < diz,F) < 2am{z)} 

by disjoint cubes Qk such that 

\dd{Qk,CO') < diam(Q,) < M(0fe,CO'), 

(see [14, VI. 1]). We discard the cubes that do not intersect O and relabel the 
remaining sequence of cubes as {Qk)k>i with centers {ck)k>i- For each fc > 1 pick 

xk eOnQk. 

To check that the balls i?(cfe, diam(Qfc)) are admissible, we use the fact that 
(5 < i to obtain 

\ck~Xk\ < idiam(Qfc) < \d{Qk,CO') < \d{xk,F) < lam{xk). 

Lemma 2.2(ii) then shows that m{xk) < (1 + f )™(ca:)- It follows that the balls 
i3(cfc, diam((3/j)) are admissible. 

Next, diam((5fc) < 5d{Qk^^O') < bd{xk,F), so (i) follows from 

O C IJ Qfc C IJ B(a;fc,diam(Qfc)) ^ |J B{xkM{xk,F)). 

k>l k>l k>l 

Towards the proof of (ii), we claim that for all x E O, 
d{x,F) < 3max{l,a}d(x-,CO')- 
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To prove the claim, we fix a; G O and pick an arbitrary y e CO'. Setting e := 
i minjl, ^} we need to prove that 

\x ~ y\> ed{x, F). 

From y ^ O' we know that either d{y,F) > 2am{y) or d{y,F) = 0. In the latter 
case we have y G F, hence ed{x,F) < d{x,F) < \x — y\, so in what follows we 
may assume that d{y,F) > 2am(jj). From x € O we know that d{x,F) < amix). 
Suppose, for a contradiction, that — < ed{x,F). Then |x — y| < eam{x) 
and therefore m{x) < (1 + ea)m{y) by Lemma 2.2(ii). Also, for all / S we 
have |a; — yl > \y ^ f\ — \ f ~ x\ > 2am(y) — |/ — x\. Minimising over /, this 
gives — ?/| > 2am{y) — d{x,F). Since also sd(x,F) > |x — y|, we find that 
am[y) < i(l + e)d{x, F) < i(l + e)am{x). It follows that m{y) < i(l +e)m{x), 
and in combination with the inequality m(x) < (1 + ea)m{y) we get 

2 < (l+£)(l + £a). 

On the other hand, recalling that e ~ imin{l, ^} we see that (1 + £)(! + ea) < 
(l + i)(l + i) = ^ < 2. This contradicts the previous inequality and the claim is 
proved. 

Combining the estimate 

d{xk,ZO') < d{QkXO') + diam(Ofc) < (l + ^) diam(Qfc) 

with the claim, we obtain 

d{xk,F) < 3max{l, a}d(xfc, Co') < 3^1 + max{l, a} diam(Qfc). 

Recalling the inequality |cfc — x^l < jd{xk,F) proved before, and then using the 
doubling property in combination with the above inequality, we obtain 

J2 7iBixk,cd{xk,F)) < J2 liB{ck, (c + l)d{xk,F)) 

k>l k>l 

< ^7(S(cfe,diam(Q,.)) < ^ T^^')' 

A;>1 k>l 

To finish the proof we will show that 7(0') < 7(0) with a constant depending 
only on a and n. Using the notation of Lemma 2.4 it suffices to show that there 
exists a sequence of disjoint cubes {Qi)i>i C A"*" contained in O such that 

0'\Oc[j A4,„ o 

i>i 

with Ma^n depending only on a and n. Once this has been shown the claim follows 
from Lemma 2.4: 

7(0' \ O) < ^ 7(Ma,n ° Q.) < E ^(Q'O = 7( U ^ 7(0) 

i>l i>l i>l 

and consequently 7(0') < 7(0). 
Let 

O" := {x e M" : ^am{x) < d{x,F) < |am(a;)}. 

Every point x G O" belongs to some maximal cube Qx € A''' entirely contained in 
O. Since any two such maximal cubes are either equal or disjoint, we may select 
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a sequence {xi)i>i in O" such that the maxuxial cubes Qx^ G A'' are disjoint and 
cover O" . We will show that these cubes have the desired property. 

Fix y €0'\0. Then d{y, F) = cm{y) for some a < c < 2a. Choose f (z F with 
1/ — y| = cm{y) (this is possible since F n {z: \y ^ z\ < 2cm{y)} is compact and 
non-empty). Choose < A < 1 such that g := (1 — A) / + Ay belongs to O" . Choose 
the index i such that g € Qxi ■ 

Let l3 e (0, i) be so small that (| + + /3a) < 1. We claim that < d{z,F) < 
am{z) whenever |z — y] < (3a'm{g). To prove this, note that on the one hand, 

diz, F) > d{g, F) - \z - g\ > \am{g) - Pam{g) > 0, 

while on the other hand, by Lemma 2.2, 

d{z, F) < d{g, F) + \z- g\ < |am(.g) + fiam{g) < (| + + ,9a)am(z) < am{z), 

which proves the claim. It thus follows that B{g, I3am{g)) is contained in O. By 
maximality, this implies that the diameter of Qx^ is at least ^(3am{g). Hence the 
side-length U of Qx^ is at least ■^^l3am{g). On the other hand we have 

Iff - y| = (1 - A)|/ - y| < F) < 2am{y) < 2a(l + 2a)m(g) 

by Lemma 2.2. For any M > 1, the cube Af oQ^,. contains the ball B{g, ^li{M— 1)), 
and therefore y £ M o Qx^ provided — 1) > 2a(l + 2a)m{g). This happens if 

we take Af = 1 + 8^(1 + 2a), since then 

U,(M - 1) > -^I3am(g) ■ 8— (1 + 2a) = 2a(l + 2a)m{g). 
It thus follows that M o Qx- contains y, which completes the proof. □ 

3. Change of aperture for maximal functions 

In the proof of Theorem 1.1 we need a change of aperture result for the ad- 
missible cone appearing in the definition of non-tangential maximal functions. For 
this purpose we define, for A^a > 0, the non-tangential maximal function with 
parameters A, a by 



where 



r(,^'°) (7) := I (y, t) e M" X (0, oo) : |y - x| < At and f < am{x) | 



is the admissible cone with parameters A, a based at the point x G M". The param- 
eter A is called the aperture of the cone. 

In what follows we will fix the dimension n and write ^^(7) := L^(M";7). 

Theorem 3.1 (Change of aperture). For all A, A', a > there exists a constant 
D, depending only on A, A' , a, and the dimension n, such that for all u G ^^(7) 
and a > we have 

7({x G R": T(*^,„)^/(x) > Da}) < j{{x G M" : T(*^,,„,)ii(x) > a}) 

with a' — a(l -|- 2aA)(l 4- A'a(l + 2aA)) and with implied constant independent of 
u and a. In particular, 

l|T'(A,a)"lki(7) ^ \\TlA',a')AL^(.l) 
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with implied constant independent of u E L^{j). 

The proof of this theorem fohows known arguments in the euchdean case [5]. 
We begin with a gaussian weak type (1,1) estimate from [9]. For the eonvenience 
of the reader we include an ahernative and self-contained proof. 

Lemma 3.2. Let a > 0. For f e Ll^iM."") put 

m:/(x):= sup } I \f{y)\d^{y). 

Then for all r > 0, 

rl{{M:{f)>r])<\\f\\L^(,) 
with implied constant only depending on a and n. 

Proof. Fix / e Ljqp(R") and decompose it as / = X^qgaJ ^qJ- We denote by 
cq the centre of a cube Q. The idea of this proof is that the gaussian density is 
essentially equal to e"^''^'''^ on an admissible ball B^CQ^rq) and the support of 
M^(1q/) is included in such admissible balls. 

To make this precise, consider a cube Q € Ag , and suppose that a ball B{x, r) £ 
S^a intersects Q. Then Lemma 2.3 implies that r < 2a(a + n)m(cQ). As a conse- 
quence, for any y S -B(a;, r), we use the triangle inequality and (2.1) to obtain 

|y - cqI < 2r + i diam(Q) < (4a(a + n) + \n)m{cQ) =: 6a,„m(cQ), 

and thus 

llcQp-lyPI < Icq +y| Icq -2/1 < (2|cq| + |cq - y|) |cq - 2/| < 26a,„ + 62_„. 
This inequality implies that 

with implied constants depending only on a and n. 
Using this estimate we obtain 

(^■1) (n( \\ [ |lQ(y)/(y)M7(y) < TjTT^ I \lQ{y)f{y)\dy, 

where \B{x,r)\ denotes the Lebesgue measure of the ball; the constants depend 
only on a and n. 

Next we note that if A/*(1q/)(.t) > 0, then there exists a ball B g 3§a such that 
Br\Q^%. Using (3.1), we thus have, for all r > 0, 

7({M:(1q/) > r}) ^ / e-'2\-\'dx < e'll^^l' |{A/:(1q/) > r}| 

"'{M„*(1q/)>t} 

<e~h-^^"\{MHLilQf)>r}\, 

where Mhl denotes the euclidean Hardy-Littlewood maximal operator. Using the 
weak type (1, 1) bound for the latter, we get 

rii{M:{lQf)>r})<e-h^^\' [ |/(y)Mj/ < ||1q/|Ui(^), 

with constants depending only on a and n. 

Now fix a cube Q £ Aq with centre cq. For x £ Q we have |a; — cq| < 
i diam((5) < ^nm{cQ) by (2.1), and therefore by the second part of Lemma 2.2(ii), 
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m{x) < 2(1 + in)m(cQ). Hence if B{x,r) G Ba and x ^ Q, then r < am{x) < 
{2 + n)am{cQ). Thus 

B{x,r)c\jQ('\ 

1=1 

where we denote by Q^^\ I = 1, Nq, the cubes from Aq that satisfy d{Q, Q*-'-*) < 
(2 + n)am{cQ) . Remark that Nq < N, where N = Na.n only depends on a and n. 
It follows from the preceding considerations that 

Nq Nq 

M*j{x) < m:(5] v,/)(x) < ^a/:(1q(o/)(x) 

1=1 1=1 

for X Cz Q, and thus 

Nq 

7({K/ > ^}) = E ^({^^a7 > r} n Q) < E 7({E<(V)/) > 

Q6A2 QeA'^, 1=1 

Nq Nq 

^ E E7({k(v>/)>^})< e ^Eiiv>/iu^(.) 

QeAj 1=1 ^ QeA2 1=1 

^ NN' „ „ 

<^\\f\\LH'rh 

with implied constant depending only on a and n; the A^' in the last inequality 
accounts for the fact that, given Q' £ Aq, there are at most N' cubes Q E Aq such 
that dist(Q, Q') < (2 + n)am(cQ), where again N' depends only on a and n. □ 

Proof of Theorem 3.1. It suffices to prove the inequality for test functions u g 
Cc(M"). For the rest of the proof we fix u g Cc(M"). Using the doubling property 
on admissible balls, we fix a constant r > such that 

^{B{y, + AA)t)) < -j{Biy, A't)) VB(y, t) e , 

T 

where Ca,2A = (1 + 2aA)a is the constant arising from Lemma 2.2(i). For cr > we 
define 

-.^{xeR": Tl^,y^u{x)><j}, 
E„ ■.= {xeK" : A4*(1bJ(.t) > r}, 

where f is defined as in the lemma and b := (A' + 2A)a. The scheme of the proof 

is the following. We first prove (step 1) that, ii x ^ E^r and {y,t) g T^x^''^\'y), then 
B{y,A't) % Efj. We then use this fact (step 2) to prove that 

1 



7(S(y,A'i))7B(^,^,, 



for all (y,t) G ri^'^'°''(7) with x ^ E^. This eventually gives (step 3) that there 
exists D = DA.A'.a.n > such that {a; e M" ; T^.*^ a)"(^) > ^'^} - The proof 
is then concluded using Lemma 3.2 applied to Ie^- In the estimates that follow, 
the implicit constants arc independent of u and cr. 

Throughout steps 1-3 below, we fix a point x ^ E^r and a point {y,t) g T^^^'°'^ (7) . 
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Step 1 - We claim that B{y,A't) % Ea- To prove this, first note that from 
\x — y\ < "^At we have 

B{y, A't) C B{x, {A' + 2A)t) C B{y, {A' + 4yl)t). 

Furthermore, t < am{x), and therefore B{x, {A' + 2A)t) £ ■'3§[A'+2A)a = -"^b- If we 
now assume that the claim is false, we get 

^4 (1b J (2;)= sup 



B(x.r)esg, l{B{x,r)) 

j{B{x,r)nBiy,A't)) 
^_ sup ^ . 

B{x,r)^SS^ l[B{x,r)) 

> l{B{x,{A' + 2A)t)nB{y,A't)) 
jiBix, (A' + 2A)t)) 
l{B{y,A't)) 



> 



7(B(x, (A' + 2A)t)) 
l{B{y,A't)) 



7(B(y,(A' + 4A)t)) 
> T, 

where the second inequality uses that B{x, [A' +2A)t) £ SSb and the last one follows 
from the definition of the constant r and the observation that B{y,t) £ SS^^ by 
Lemma 2.2(i), using that B{x,t) £ S§a and |a; — j/| < 2At. This contradicts the fact 
that X ^ and the claim is proved. 

Step 2 - Since B{y, A't) % E^, there exists y £ B{y, A't) such that y ^ i^o-, that 

is, 

(3.2) sup ^ j |e-^^^«(C)P d7(C) < 
(,,,)er<-'-')(^)7(i?(^,^'s))yi3(.,A'.s) 

Remark also that, since B{y,t) £ S^c^ia and thus t < Ca.2A^{y), Lemma 2.2 
implies that t < a'm(jj). Thus (t/,t) £ ''(7) and therefore (3.2) implies 

(3-3) mf\^,y^ I |e~*''^«(OP ^7(0 < 

-l{B{y,A't)) JB{y,A't) 

Step 3- Next let {w, s) £ Ti'^'°'\'y) be arbitrary and fixed for the moment. Then 
w £ B{x, As). For any v £ B{w, As) we have jii — x| < |?; — w| + |u; — x| < 2As. 
Since also s < am{x), it follows that {v,s) £ ri^"^'"^(7). Also, since |v — u;| < As 
implies B{v,A's) C B{w, {A' + A)s), we have 

7(B(u, A's)) < j{B{w, {A' + A)s)) < j{B{w, As)) 

by the doubling property for admissible balls; the balls B{'w, As) are indeed admis- 
sible by Lemma 2.2(i). 

We can cover B{w,As) with finitely many balls of the form B{vi,A's) with 
Vi £ B{'w, As); this can be achieved with N = N{A, A' , n) balls. We then have, by 

(3.3) , 
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N 

^ y -TIT? / |e-^'^u(z)pd7(z) < . 

Taking the supremum over all (w, s) S Ti'^'°'\'j), we infer that there exists a 
constant D > 0, depending only on A, A', a, and the dimension n, such that 

^{A a) "(2^) ^ -Of^ foi' all ^ 

We have now shown that {T^^ a)'^(^) -Dcr} C Ea- The first assertion of the 
theorem follows from this via Lemma 3.2. The second assertion follows from the 
first by integration: 

\\T* „M\ TM-.-. = D I Tdx e R" : r;. ^Mx) > Da}) da 



r^,a)"llLH7) = D / li{x e R" : r(*^,„)^.(x) > Da}) 
Jo 

< j{Ea)da< 7(£;^)(icr = ||r(*^,.^,)u||ii(^). 
Jo Jo 

Since the choice oi A, A' , a > was arbitrary, this concludes the proof. □ 

4. Proof of Theorem 1.1 

In this section we follow the method pioneered in [5] for proving square function 
estimates in Hardy spaces. This method has recently been adapted in a variety 
of contexts (see [1, 2, 7]). Here, we modify the version given in [7] to avoid using 
the doubling property on non-admissible balls, and to take into account differences 
between the Laplace and the Ornstein-Uhlenbeck operators. As a typical example 
of the latter phenomenon, we start by proving a gaussian version of the parabolic 
Cacciopoli inequality. Recall that L is the Ornstein-Uhlenbeck operator, defined 
for / e by 

(4.1) Lf{x) = ^Af{x)+x-Wf{x). 

Note that, for all f,g G C^(R"), one has the integration by parts formula 

Lf-gdj= I Vf-Vgd^ 



Lemma 4.1. Letv : R" x (0, 00) -> C &e a C^^'^ -function such thatv{-,t) e C^(R") 
for all t > 0, and suppose that 

dtv + Lv = 

on I{xo,to,2r) :^ B{xo,2cr) x [to ~ 4r'^ ,to + 4r'^] for some r e (0, 1), < Co < c < 
Ci < 00, and to > 4r^ . Then 

f \Vv{x,t)\^djix)dt< ^ + / \v{x,t)\^dj{x)dt, 

Jl{xa,to.r) ^ Jl{xa.to.2r) 

with implied constant depending only on the dimension n, Co and Ci. 

Proof. Let r] e C°°(R" x (0, 00)) be a cut-off function such that < 77 < 1 on 
R" X (0, 00); ?7 = 1 on I{xo, to,r), 77 = on the complement of I{xo, to, 2r), and 

\\^V\\oo<\ \\dtV\\oo<^, \\M\oo<^ 
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with imphed constants depending only on n, Co, Ci. Then, in view of • V77II00 ^ 
(|a;o| + 2r) • ^ and recalling that < r < 1, 



(4.2) 



|i'?l|oo < — + -Ixol + 1 < 



where the implied constants depend only on n, Co, Ci. 

Considering real and imaginary parts separately, we may assume that all func- 
tions are real-valued. Integrating the identity 

and then using that 



^ TfV{vvi) ■V{vri)d"fdt < ( f \/ (vr)) ■ V (vrj) dj dt 

I(xo,to,2r) Jo Jr-^ 

vi]L{vr]) d'y dt 



vr/L{v'r]) dj dt, 



I{xo,to,2r) 



we obtain 



/ \Vv\'^d'ydt< / 7j'^\7jVv\'^ d-ydt 

Jl(xo,to,r) J I{xo,to,2r) 



< 



(4.3) 



I{x„,to,2r) 



Tf\v\jT]\'^ d-fdt 



I{xo,to,2r) 



2vr]^'^{vr]) ■ \7r]d'-fdt 



vriL{vr]) dj dt 

ll{xo,to,2r) 

For the first term on the right-hand side we have the estimate 

1 



■q^\v^riY d-ydt 

I{xo,to,2r) 

For the second term we have, by (4.2), 



< 



Jl{xo,to,2r) 



vYd-ydt. 



I 2vrf'\/[vq) -^/i^d-ydt = \ ( 



1 

< - 

- 2 



V(u?7)^ • Vif d^dt 

2r) 
2t J2 



< 



(vrj) Lrj d'j dt 
l + r\xo\ 



vl'^djdt 



I I{xo,to,2r) 

where we used the fact that rf' satisfies the same assumptions as 77 and (4.2) was ap- 
plied to rf . To estimate the third term on the right-hand side of (4.3) we substitute 
the identity 

L{vi]) = i]Lv + vLrj — 2Vw • Vr; = —rjdtv + vLrj — 2Vv ■ Vrj 

and estimate each of the resulting integrals: 

1 
2 



vrf'dtv d'-f dt 



I(xQ,to,2r) 



rfdtv^ d'y dt 



I{xo,to,2r) 
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7(3:0, to, 2r) 

v^rjdtr] d"f dt 



/(xo,to,2r) 



< 



\v\^d-fdt, 



I. 



I{xo,to,2r) 



v^rjLrj d'-f dt 



I{xo,to,2r) 

wTyVu • V77 d"f dt 



< 



l + r-|a;o| 



I(xo,to,2r) 



< 



1 

4 
1 
4 

l + r\xo\ 



I{xo,to,2r) 

Vv^ ■ Vff d-ydt 



I{xo,t,u2r} 

v^Ljf d'f dt 



I(xo,to,2r) 



\v\'^d'ydt. 



□ 



Below we shall apply the lemma with v{x,t) = u{x), where m is a fmiction 
in Cc(]R"). From the representation e~*^it(a;) = Mt{x,y)u{y) dy where M is 
the Mehler kernel (see, e.g., [13]), it follows that v satisfies the differentiability and 
boundedness assumptions of the lemma. 

We can now prove the main result of this paper. Recall that 



SaU{x) 



1 



a.»)(^) ^{B{y,t)) 

^B{x,t){y) 



uiy)\'^ d-f{y) 



dt 



i'»x(0,oo) 

It will be convenient to define, for e > 0, 

My) 



^ jR"x(0.oo) 71^1 



-1, 



dt 



{B{y ^u(y)|^d7(2/)- 



Proof of Theorem 1.1. As in the proof of Lemma 4.1 it suffices to consider real- 
valued u G Cc(R"). Throughout the proof we fix a > and set K := Ca,i and 
K := ci+2K,2 using the notations of Lemma 2.2. 
Let F C M" be an arbitrary closed set and define 

F* {x e E": "f{FnB{x,r)) > ^-/{Bix,r)) Vr S {0,Km{x)] }. 

Note that, since F is closed, F* C F. For < £ < 1 and 1 < a < 2 put 

KiF*) {{y,t) e X (0,00): diy,F*) < at and t e {a-h,aKm{y))} 

and let dR%{F*) be its topological boundary. As in [5, page 162] and [14, page 206] 
we may regularise this set and thus assume it admits a surface measure d(T^{y,t). 
Applying first Green's formula in R" to the section of R%{F*) at level t and using 
the definition of L (see (4.1)), and subsequently the fundamental theorem of calculus 
in the <-variable, we obtain the estimate 
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' x(0,oo) J F 



2 di 
l{d{y.F-)<t}l(£,Km(y))(OKVe~* ^ u{y)\'^ dj{y) — 

'x(0,oo) 



< 



< / |tVe-*^^u(y)pd7(y)^ 

Jm(F*) ^ 



< / tLe-*'^ii(j/).e-*-^u(y)d7(2/)dt 
\We-'^-'^u-Jiy,t)\\e-'''''u{y)\e-hy\'dal,{y,t) 

< / -at|e-*'^w(2/)pd7(y)d< 

'R%(F*) 

\We~''^u{y)\\e-''^uiy)\e-hv\'dal{y,t) 



< 



e-''^u{yy^{y,t)\'e-hy\'da'^{y,t) 



\tye-''^uiy)\\e-''^uiy)\e-hy\'dal{y,t). 

IdR^^iF*) 

In the above computation, denotes the projection of the normal vector v to i?^ 
onto R" and the projection of ly in the t direction. In step (i) we used that 
^B(x,t){y) ~ ^B{y,t)ix) and that |cc — j/| < t and t < am(x) imply t < Km{y) via 
Lemma 2.2(i); in step (ii) we used that B{y,t) F* ^ (d implies d{y,F*) < t. Of 
course, all implied constants in the above inequalities are independent of F, e, a, 
and u. 

If {y,t) G dR%{F*), then either d{y,F*) — at and t e [a~^ e , aKm{y)], or else 
F*) < at and t G {a~^e, aKm{y)}. By examining these three cases separately, 
each time distinguishing between the possible relative positions of m{y) with respect 
to the numbers ^e, a~-^e, and e, one checks that dR^{F*) C := U -B| U B| 
with 

Bf {{y, t)eM" X (0, oo) : t € [^e, min{e, ^(y)}] and d{y, F*) < 2t}, 

B2 {{y,t) e R" X (0,00): t e [e,m{y)] audi < d{y,F*) < 2t}, 

Bl {(y,t) e K" x (0,oo): t € [m{y),2Km{y)] and d{y,F*) < 2t}. 

Now notice that, on dR'^{F*), we have either t = ^, t ~ aKm{y), or t = 
a~^d{y,F*). Integrating over a G (1,2) with respect to ^ and changing vari- 
ables using that ^ ^ ^, we obtain 



/ \Slu\^dj< f |e-*'^7.(y)pd7(y) 



dt 
T 
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<[ |e-*^M2/)l'd7(y)T+ / |tVe-'^My)l'rf7(2/)T. 
Jb' r J B^ 

Here, and in the estimates to follow, the implied constants are independent of F, 
e, and u. 

We have to estimate the following six integrals: 

Ii -= f |e-*X(y)pd7(y)^, h f \tye'''My)\'d^iy)^, 
Jb{ Jb{ 

h .^l |e"*^My)Prf7(y)T' ^4:=/ |tVe-*^My)Prf7(2/)T' 

Jb| Jb^ ^ 

JB^ I JS| 

We start with Ii and remark that, for (j/, t) G Bf, there exists x G F* such that 
|a; — y| < 2t. Since t < min{£,m(?/)} < m{y), by Lemma 2.2(i) we have i < ci^2'm{x) 
and hence t < Km{x), noting that Ci_2 < Ci^2K,2 — K. Therefore, by the definition 
ofF*, 

(4.4) ^{Ff^B{x,t))>\^{B{x,t)). 

(At this point the reader may wonder why F* is defined in terms of K and not in 
terms of ci^2- The reason is that the argument will be repeated in the estimation 
of ^2, ^5, and /g; in the latter two cases, the definition of implies that one only 
gets t < 2Km{y) and hence t < C2K,2fTi{x) < ci+2K,2nT'ix)). By (4.4) and doubling 
property for the admissible ball B{x,t) G 3§ci 2j 

7(F n B{y, 3t)) > 7(F n i?(x, t)) > ^jiB{x, t)) > j{B{x, 3t)) > -f{B{y, <)), 

and therefore 

h<i I ^ |e-*^^^(2/)pd7(z)d7(y)T 

(4.5) < / %^|e-*^My)Prf7WTd7(j/) 

JR-Jie JFl{B{y,t)) t 



■ieVmin{e,ci,3m(2)} 



1 , T . ^ ,0 , , s dt 



JFJ^e JB(z,M)iyB[y,t)) t 

where in the last inequality we used that t < m{y) and |y — z| < 3t imply t < 
Ci_3to(z) by Lemma 2.2(i). 

Fix {z,t) € F X (ie, ie V min{e, ci_3to(z)}). For all y e B{z,3t) we have 
B{z,3t) C B{y,6t) and therefore, by the doubling property for B{y,t) (noting 
that from t < ci_377i(z) and |2 — ?/| < 3t it follows that t < ^^3m{y), so B{y,t) is 
an admissible ball in 



1 



e 



(z,3t) liB{y,t)) ^ j{B{z,St)) JB{z,3t) 

< |r(3.c,.3)"Wl'. 
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where the last inequahty follows from {z,t) S ri'^''^^'^^(7). Combining this with the 
previous inequality it follows that 



h < 



J F J ^ F 



We proceed similarly for /2, using Lemma 4.1 to handle the gradient. With 
r(z) := ci.3to(z) we have, proceeding as in (4.5), 



^eVinin{e,r (s)} 



1 , _t2 T , , ,n , , , dt 



h<ll I \t^e-'^u{y)\''d^{y)-^d^{z) 

JfJ^s JB{z,3t) iiB[y,t)) t 



'B{z,3e) 

JFn{r(2)>ie} -'^ 7(«(2, 3e)) JB(^^3e) 



In (i) we used the inclusions B{z,3t) C B{z,3e) C B{z,Qt) C B{y,9t) together 
with the doubling property for B{y,t), and in (ii) we substituted = s. 

For each / € {2, . . . , 7} we apply Lemma 4.1 with ^ = ^(^ + ^^^4^) = ^^^rt^' 
= 12 and (r')^ = j^. Together with the doubling property for B{z,e) (noting 
that B{z,e) e =^2ci,3 in view of e < 2t < 2ci,3to(z)), this gives 



^'5/ E 



7 „iH+±)£l ;, , 

16 l + r'|2;| 



1 



7(B(z,6e)) yB(;,,6e) 



e-'*-^M(2/)rd7(y) dsd-t{z). 



Fix (z, s) e {Fn{T{z) > ie}) X ( ^^e^ ife^). Then from B(z, Ge) C B{z, 2A^) C 
i3(z,30e) and the doubling property for the balls B{z,e) £ SS-ic^ 3 (note that e < 
2t(z) =2ci,3m(z)), 



1 



-sL 



u{y)\'^ d-i{y) 



7(B(z,6e)) JB[zfis) 

7(B(z,24V^)) 7b(^ 24v^) ^ ^ 1'^^ 

where the last step follows from (z, -y/s) € fI'^^'^'^^'^'' (7). Combining this with the 
previous estimate we obtain 



< 



(l + e|z|)|r(*24^4,^3)^.(z)|2rf7(z), 



where the last step follows from the fact that r' = ig. 
We proceed with an estimate for I^. Let 

G:={j/eR":0<%,i^*)<2m(2/)}. 
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Using Lemma 2.5, wc cover G with a sequence of balls B{xk,rk) with Xk & G and 
T'k — jd{xk, F*) for all k, and 

(4.6) ^7(B(^fc,rf(^fc,^^*))) <7(G) <7(C^^*). 

A:>1 

with implied constant independent of u and F. Note that B{xk-,rk) G for all 
k. 

If {y, t) G then y € G and therefore y e B{xk,rk) for some fc, and i^*) < 
t < d{y,F*). It follows that 

r rd{y,F') 
h<Y. / |e-*^My)Pyd7(y) 

J. JB{xk,rk)J^d{y,F') ' 

(4.7) <^/ / |e-*My)l'T^^(y) 

<E/ / |e-* ^«(y)pd7(2/)-. 

In the second inequality we used that y G B{xk,rk) implies \xk ^ y\ < ffc = 
jd{xk, F*), and the third inequality follows from Fubini's theorem and the inequal- 
ity rk = \d{xk,F*) < \d{y,F*) < t. 

Fix an index k and a number t £ {jd{xk, F*), jd{xk, F*)). Since F* is contained 
in the closure of F we may pick Zk £ F such that \xk — Zk\ < 2d{xk,F*). By 
the choice of t this implies \xk — Zk\ < 8t. Since by assumption we have t < 
jd{xk,F*) < |m(a;fc) (the second inequality being a consequence of Xk G G), 
and since \xk — Zk\ < 8t, from Lemma 2.2 we conclude that t < dm{zh) with 
d := C5 g. We conclude that {xk,t) G ^Tk'^\'j) (since by definition this means that 
\xk — Zk\ < 8t < 8dm(zfc)) and consequently, using the doubling property for the 
admissible ball B{xk,t) g ^5, 

,J I |e-*^^u(y)rd7(y) 

- Rf)) I \e-'^Myrdi{y) < |r(;,,)u(z,)r 

Combining this with the previous inequalities we obtain 

/3< (sup|T(*s,,)^z)n5] / ^(S(^,,t)) 

< ( sup \T^s,dAz)\^) E ^(^(^fc' H^i^^n)) 

^'^^ k 

< (sup|r(*g^,)u(z)p)7(C^^*), 

where the last step used (4.6) and the doubling property (recaU that d{xk,F*) < 
2m{xk), so the balls B{xk,d{xk,F*)) belong to £§2)- 
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For estimating I4, we let G and B[xk,Tk) be as in the previous estimate. Pro- 
ceeding as in the first two hnes of (4.7) and applying the Fubini theorem, we get 

h<Y. / |tVe-*^My)Prf7(2/)? 

1 r^d^ix^.F*) . 

= oEE/ / \ye-^^u{y)fdj{y)ds. 

^ k 1=2-' ^'^^'^^''■P") ■lB(xu,ru) 

By Lemma 4.1, applied with to — '^i^<P{xk,F*), c = 2 and r = |d(a;fc,F*), this 
gives the estimate 

kl~^J^-^d,^x,.F') d^[Xk,F*) JB{x,^d(x^,F')) 

49 ?l^d\x,,Fn o . 

where we used that d{xk,F*) < 2m{xk) < and that s > ^d'^{xk, F*) implies 
^d{xk,F*) <4^. 

Fix k and pick an element Zk € F such that \xk — Zk\ < 2d{xk, F*). Then for all 
s in the range of integration we have \xk — Zk\ < 16y/s. Since -y/s < ^d{xk,F*) < 
3m{xk), from Lemma 2.2 we conclude that y/s < dm{zk) with d ca^ig. We 
conclude that {xkAV^) ^ Til''^'^\-f). This gives 




<(sup|T(;^4,)u(y)p)7(C^^*), 

where the second last step used the doubling property for admissible balls (recalling 
that B{xk,d{xk, F*)) e ^2), and the last step used (4.6). 
To estimate I5 , we proceed as we did for Ii : 

h<i I ,J \e-''^u{y)\'d^iz)d^iy)^ 

JBlJFnB(y,3t)l{B{y-,t)) t 

- / ^fr^l^ u{v)\ d^{z)-d^{y) 

Jk" Jm(y) Jf l{B{y,t)) t 

<// / , ' ^^A e-^^u{y)\Uj{y)^dj{z) 

Jf Jil+3c2K.3)-^m{z) JB{z,3t) l\B{y, t)) t 

^ I \Tt2K,c2...A^)?dl{z), 
Jf 
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where in step (i) we used that m{y) < t < 2Km{y) and — zj < 3i imply t < 
C2K,3'm{z) by Lemma 2.2(i), so |y — z| < ic2K.3'm{z), and by an application of 
Lemma 2.2(ii) the latter implies m(z) < (1 + 3c2if,3)m(?/) < (1 + 3c2a:.3)^- 

Finally we turn to /g, which is treated as l2- With c = C2A'.3 and d = (1 + 
3c2_R'.3)~^ as in the previous estimate, and using Lemma 4.1 as in the estimate for 
/2, we get 

Jf Jdm{z) l\^y^-> '^^JJ JB{z.,3t) ^ 



c m( 



1 



< 



< 



9 / / (R( -^.W / \ye-^'^u{y)\''d^{y)dsd^{z) 

{l+miz)\z\)\T^^^^^u{z)\^dj{z) 



for certain A, a independent of u, F, and e. 

Combining all these estimates, we obtain six couples {A^^\a^^'>) {j = 1,...,6), 
and, passing to the limit e ^ 0, the following estimate, valid for arbitrary closed 
subsets F CR": 

(4.8) 6 



with constants independent of F and u. 

To finish the proof, we consider the distribution functions 

lsA<^) e R": Sau{x) > a}), 

7T*^y)_^y)jn(CT) -f{{x e R": T*^(,) ,^o))U(a;) > cr}), j = 1, . . . ,6. 

We fix (T > for the moment, and apply (4.8) to the set 

F, := {z e R" : r*^o,^^o,)M(z) < a, j = 1, . . . , 6}, 

and claim that CF* C {il/^,(lCF„ ) > il- Indeed, let x e ZF* and fix r e (0, KTn{x)] 
such that j{B{x,r) n i^.^) < i7(B(.T,r)). Then 

... n V A > 7(i?(^,r)nCf.) 1 

proving the claim. 

Lemma 3.2 (with admissibility parameter K, r = ^, applied to the function 
1cf„) gives us 7(CF^) < ^{CF^). Using this in combination with the definition of 
Fg., for j = 1, . . . , 6 we obtain 

1 ^ 

-( sup \TXu, ,uM^)\'HZf:) < 7(Cf;) < 7(CFg) < ^7({T(V, ^c^))" > 



20 



JAN MAAS, JAN VAN NEERVEN, AND PIERRE PORTAL 



Hence, from (4.8) wc infer 

is.uia) < i{F: n {Sau >a})+ ^{Zf:) 

< \ I \SaU{x)\''d^{x)+^{ZF^) 

Jf* 

6 



j=i ' 

^-^ L (A(j),a(j)) Jo (A(3).a(j)) 



Integrating over a and noting that 

r* ., u{t)dtda= / t7T- ,., «(0 / — 



we get, by Theorem 3.1 and with a^^'' as in the statement of that theorem, 

6 6 
l|5aM||Li(7) ^ E ll^(AU),aU))"ILi(7) - E 1 1 ^(laO) ') " 1 1 (7) " ^ 1 1 ^^^.a') " 1 1 Li (7) ' 

where a' = max a^-'-''. □ 

j = l,...,6 

Remark 4.2. In [8] the cones 

f(^^.«)(7) := G R" X (0,oo): |y-a;| < At and i < aTO(y)} 

are used imphcitly. In view of the inclusions 

the corresponding functions 5 and T* satisfy the pointwise bounds 

SaU{x) < Sc^^u{x), SaU{x) < Sc^^^u{x) 

and 

In particular, Theorem 1.1 remains valid if we replace S and T* by S and T* . 
Remark also that [8, Theorem 3.8] gives a change of aperture formula for tent spaces 
that implies an analogue of Theorem 3.1 for the square function S" for A, A' > 1. 

Remark 4.3. We conclude with a few words on reverse inequalities, i.e., controls of 
the maximal function by the square function. In the euclidean case, such inequalities 
are generally proven via atomic decompositions, usually going through tent spaces. 
We have developed, in [8] , the gaussian analogues of these spaces and their atomic 
decomposition. However, to deduce a reverse inequality, we would then need an 
adequate analogue of the Calderon reproducing formula (analogues exist, but do 
not seem to be appropriate), and such a formula is involving all f € (0,oo) rather 
than just t S (0,am(a;)). A complete Hardy space theory is thus likely to require 
an understanding of the "non-admissible" parts of objects such as T*u, Su, or 
Mauceri-Meda's atoms (i.e. the part corresponding to the scales t g (am(a;),oo). 
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for which bahs are not admissible), or a technique that ahows one to avoid such 
non-admissible part in arguments involving Calderon reproducing formulae. This 
is the subject of some of our on-going investigations. 
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